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INFINITE DIMENSIONAL ITOˆ ALGEBRAS
OF QUANTUM WHITE NOISE
V. P. BELAVKIN.
Abstract. A simple axiomatic characterization of the general (infinite di-
mensional, noncommutative) Itoˆ algebra is given and a pseudo-Euclidean fun-
damental representation for such algebra is described. The notion of Itoˆ B*-
algebra, generalizing the C*-algebra is defined to include the Banach infinite
dimensional Itoˆ algebras of quantum Brownian and quantum Le´vy motion,
and the B*-algebras of vacuum and thermal quantum noise are characterized.
It is proved that every Itoˆ algebra is canonically decomposed into the orthogo-
nal sum of quantum Brownian (Wiener) algebra and quantum Le´vy (Poisson)
algebra. In particular, every quantum thermal noise is the orthogonal sum of
a quantum Wiener noise and a quantum Poisson noise as it is stated by the
Le´vy-Khinchin theorem in the classical case.
1. Introduction
The classical differential calculus for the infinitesimal increments dx = x (t+ dt)−
x (t) became generally accepted only after Newton gave a very simple algebraic rule
(dt)
2
= 0 for the formal computations of first order differentials for smooth trajec-
tories t 7→ x (t) in a phase space. The linear space of the differentials dx = αdt for
a (complex) trajectory became treated at each x = x (t) ∈ C as a one-dimensional
algebra a = Cdt of the elements a = αdt with involution a
⋆ = α¯dt given by the
complex conjugation α 7→ α¯ of the derivative α = dx/dt ∈ C and the nilpotent
multiplication a ·a⋆ = 0 corresponding to the multiplication table dt ·d⋆t = 0 for the
basic nilpotent element dt = d
⋆
t , the abstract notation of dt. Note that the nilpotent
⋆-algebra a of abstract infinitesimals αdt has no realization in complex numbers,
as well as no operator representation αDt with a Hermitian nilpotent Dt = D
†
t in
a Euclidean (complex pre-Hilbert) space, but it can be represented by the algebra
of complex nilpotent 2 × 2 matrices aˆ = αdˆt, where dˆt = 12 (σˆ3 + iσˆ1) = dˆ†t with
respect to the standard Minkowski metric (x|x) = |ζ|2 − |η|2 for x = ζe+ + ηe− in
C2. The complex pseudo-Hermitian nilpotent matrix dˆt, dˆ
2
t = 0, representing the
multiplication d2t = dt · dt = 0, has the canonical triangular form
(1.1) Dt =
[
0 1
0 0
]
, Dt
∗ =
[
0 0
1 0
]
,
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Dt
† =
[
0 1
1 0
]
Dt
∗
[
0 1
1 0
]
= Dt
in the basis h± = (e+ ± e−) /
√
2 in which (xDt|x) = (xDt|x) for all x =
(
ξ−, ξ+
)
with respect to the pseudo-Euclidean scalar product (x|x) = ξ−ξ− + ξ+ξ+, where
ξ± = (ζ ± η) /√2 = ξ¯∓ ∈ C.
The Newton’s formal computations can be generalized to non-smooth paths to
include the calculus of first order forward differentials dy ≃ (dt)1/2 of continuous
diffusions y (t) ∈ R which have no derivative at any t, and the forward differentials
dn ∈ {0, 1} of left continuous counting trajectories n (t) ∈ Z+ which have zero
derivative for almost all t (except the points of discontinuity when dn = 1). The
first is usually done by adding the rules
(1.2) (dw)
2
= dt, dwdt = 0 = dtdw
in formal computations of continuous trajectories having the first order forward
differentials dx = αdt + βdw with the diffusive part given by the increments of
standard Brownian paths w (t). The second can be done by adding the rules
(1.3) (dm)2 = dm+ dt, dmdt = 0 = dtdm
in formal computations of left continuous and smooth for almost all t trajectories
having the forward differentials dx = αdt+γdm with jumping part dz ∈ {γ,−γdt}
given by the increments of standard Le´vy paths m (t) = n (t)− t. These rules, well
known since the beginning of this century, were formalized by Itoˆ [1] into the form
of a stochastic calculus: the first one is now known as the multiplication rule for
the forward differential of the standard Wiener process w (t), and the second one is
the multiplication rule for the forward differential of the standard Poisson process
n (t), compensated by its mean value t.
The linear span of dt and dw forms a two-dimensional differential Itoˆ algebra
b = Cdt + Cdw for the complex Brownian motions x (t) =
∫
αdt +
∫
ηdw, where
dw = d
⋆
w is a nilpotent of second order element, representing the real increment dw,
with multiplication table d2w = dt, dw ·dt = 0 = dt·dw , while the linear span of dt and
dm forms a two-dimensional differential Itoˆ algebra c = Cdt+Cdm for the complex
Le´vy motions x =
∫
αdt+
∫
ζdm, where dm = d
⋆
m is a basic element, representing
the real increment dm, with multiplication table d2m = dm+dt, dm ·dt = 0 = dt ·dm.
As in the case of the Newton algebra, the Itoˆ ⋆-algebras b and c have no Euclidean
operator realization, but they can be represented by the algebras of triangular
matrices B = αDt + ηDw, C = αDt + ζDm with pseudo-Hermitian basis elements
(1.4) Dt =

 0 0 10 0 0
0 0 0

 = Dt†, Dw =

 0 1 00 0 1
0 0 0

 = D†w,
Dm=

 0 1 00 1 1
0 0 0

 = D†m,
where
(
xB†|x) = (xB|x) for all x = (ξ−, ξ◦, ξ+) ∈ C3 in the complex three-
dimensional Minkowski space with respect to the indefinite metric (x|x) = ξ−ξ−+
ξ◦ξ
◦ + ξ+ξ
+, where ξµ = ξ¯−µ with − (−, ◦,+) = (+, ◦,−).
Note that according to the Le´vy-Khinchin theorem, every stochastic process
x (t) with independent increments can be canonically decomposed into a smooth,
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Wiener and Poisson parts as in the mixed case of one-dimensional complex motion
x (t) =
∫
αdt+
∫
ηdw +
∫
ζdm given by the orthogonal and thus commutative in-
crements dwdm = 0 = dmdw. In fact such generalized commutative differential
calculus applies not only to the stochastic integration with respect to the processes
with independent increments; these formal algebraic rules, or their multidimen-
sional versions, can be used for formal computations of forward differentials for any
classical trajectories decomposed into the smooth, diffusive and jumping parts.
Two natural questions arrise: are there other then these two commutative dif-
ferential algebras which could be useful, in particular, for formal computations of
the noncommutative differentials in quantum theory, and if there are, is it pos-
sible to characterize them by simple axioms and to give a generalized version of
the Le´vy-Khinchin decomposition theorem? The first question has been already
positively answered since the well known differential realization of the simplest
non-commutative table dwd
⋆
w = ρ+dt, d
⋆
wdw = ρ−dt for ρ+ > ρ− ≥ 0 was given in
the mid of 60-th in terms of the annihilators wˆ (t) and creators wˆ† (t) of a quantum
Brownian thermal noise [2]. This paper gives a systematic answer on the second
question, the first part of which has been in principle positively resolved in our
papers [3, 4].
Although the orthogonality condition dw · dm = 0 = dw · dm for the classical in-
dependent increments dw and dm can be realized only in a higher, at least four, di-
mensional Minkowski space, it is interesting to make sense of the non-commutative
⋆-algebra, generated by three dimensional non-orthogonal matrix representations
(1.4) of these differentials with dw · dm 6= dw · dm:
DwDm = (DmDw)
† =

 0 1 10 0 0
0 0 0


6=

 0 0 10 0 1
0 0 0

 = (DwDm)† = DmDw.
This is the four-dimensional ⋆-algebra a = CDt + CE− + CE
+ + CE of triangular
matrices A = αD + z−E− + z+E
+ + zE, where E+ = GE∗−G = E
†
−, E = E
† with
respect to the Minkowski metric tensor G in the canonical basis,
G =

 0 0 10 1 0
1 0 0

 , E− =

 0 1 00 0 0
0 0 0

 , E+=

 0 0 00 0 1
0 0 0

 , E =

 0 0 00 1 0
0 0 0

 ,
given by the algebraic combinations
E− = DwDm −Dt,D+ = DmDw −Dt,E = Dm −Dw
of three matrices (1.4). It realizes the multiplication table
e− · e+ = dt, e− · e = e−, e · e+ = e+, e2 = e
with the products for all other pairs being zero, unifying the commutative tables
(1.2), (1.3). It is well known in the quantum stochastic calculus as the HP (Hudson-
Parthasarathy) table [5]
dΛ−dΛ
+ = Idt, dΛ−dΛ = dΛ−, dΛdΛ
+ = dΛ+, (dΛ)
2
= dΛ,
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with zero products for all other pairs, for the multiplication of the canonical number
dΛ, creation dΛ+, annihilation dΛ−, and preservation dΛ
−
+ = Idt differentials in
Fock space over the Hilbert space L2 (R+) of square-integrable complex functions
f (t) , t ∈ R+.
Note that any two-dimensional Itoˆ ⋆-algebra a is commutative as dta = 0 = adt
for any other element a 6= dt of the basis {a, dt} in a. Moreover, each such algebra
is either of the Wiener or of the Poisson type, as it is either second order nilpotent,
or contains a unital one-dimensional subalgebra, as the cases of the subalgebras b, c.
Other two-dimensional sub-algebras containing dt, are generated by either Wiener
dw = ξ¯e− + ξe
+ or Poisson dm = e + λdw element with the special case dm = e,
corresponding to the only non-faithful Itoˆ algebra of the Poisson process with zero
intensity λ2 = 0. However there is only one three dimensional ⋆-subalgebra of
the four-dimensional HP algebra with dt, namely the noncommutative subalgebra
of vacuum Brownian motion, generated by the creation e+ and annihilation e−
differentials. Thus our results on the classification of noncommutative Itoˆ ⋆-algebras
will be nontrivial only in the higher dimensions of a.
The well known Le´vy-Khinchin classification of the classical noise can be refor-
mulated in purely algebraic terms as the decomposability of any commutative Itoˆ
algebra into Wiener (Brownian) and Poisson (Le´vy) orthogonal components. In
the general case we shall show that every Itoˆ ⋆-algebra is also decomposable into a
quantum Brownian, and a quantum Le´vy orthogonal components.
Thus classical stochastic calculus developed by Itoˆ, and its quantum stochastic
analog, given by Hudson and Parthasarathy in [5], has been unified in a ⋆-algebraic
approach to the operator integration in Fock space [3], in which the classical and
quantum calculi become represented as two extreme commutative and noncommu-
tative cases of a generalized Itoˆ calculus.
In the next section we remind the definition of the general Itoˆ algebra and show
that every such algebra can be embedded as a ⋆-subalgebra into in general infinite
dimensional Hudson-Parthasarathy algebra as it was first proved in [4].
2. Representations of Itoˆ ⋆-algebras
The generalized Itoˆ algebra was defined in [3] as a linear span of the differentials
dΛ (t, a) = Λ (t+ dt, a)− Λ (t, a) , a ∈ a
for a family {Λ (a) : a ∈ a} of operator-valued integrators Λ (t, a) on a pre-Hilbert
space, satisfying for each t ∈ R+ the ⋆-semigroup conditions
(2.1) Λ (t, a⋆) = Λ (t, a)
†
, dΛ (t, a · b) = dΛ (t, a) dΛ (t, b) , Λ (t, dt) = tI,
with mean values 〈dΛ (t, a)〉 = l (a) dt in a given vector state 〈·〉, absolutely con-
tinuous with respect to dt. Here Λ (t, a)
†
means the Hermitian conjugation of the
(unbounded) operator Λ (t, a), which is defined on the pre-Hilbert space for each
t ∈ R+ as the operator Λ (t, a⋆),
dΛ (t, a) dΛ (t, b)
= d (Λ (t, a) Λ (t, b))− dΛ (t, a) Λ (t, b)− Λ (t, a) dΛ (t, b) ,
and dt is embedded into the family of the operator-valued differentials as dΛ (t, dt)
with the help of a special element dt = d
⋆
t of the parametrizing ⋆-semigroup a.
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Assuming that the parametrization is exact such that dΛ (t, a) = 0 ⇒ a = 0,
where 0 = adt for any a ∈ a, we can always identify a with the linear span,∑
λidΛ (t, ai) = dΛ
(
t,
∑
λiai
)
, ∀λi ∈ C, ai ∈ a,
and consider it as a complex associative ⋆-algebra, having the death dt ∈ a, a ⋆-
invariant annihilator a ·dt = {0} corresponding to dΛ (t, a) dt = {0}. The derivative
l of the differential expectations a 7→ l (a) dt with respect to the Lebesgue measure
dt, called the Itoˆ algebra state, is a linear positive ⋆-functional
l : a→ C, l (a · a⋆) ≥ 0, l (a⋆) = l (a), ∀a ∈ a,
normalized as l (dt) = 1 correspondingly to the determinism 〈Idt〉 = dt of dΛ (t, dt).
We shall identify the Itoˆ algebra (dΛ (a) , ldt) and the parametrizing algebra (a, l)
and assume that it is faithful in the sense that the ⋆-ideal
(2.2) i = {b ∈ a : l (b) = l (b · c) = l (a · b) = l (a · b · c) = 0 ∀a, c ∈ a}
is trivial, i = {0}, otherwise a should be factorized with respect to this ideal. Note
that the associativity of the algebra a as well as the possibility of its noncommu-
tativity is inherited from the associativity and noncommutativity of the operator
product ∆Λ (t, a)∆Λ (t, b) on the pre-Hilbert space.
Now we can study the representations of the Itoˆ algebra (a, l). Because any Itoˆ
algebra contains the Newton nilpotent subalgebra (Cdt, l), it has no identity and
cannnot be realized by operators in a Euclidean space even if it is finite-dimensional
⋆-algebra. Thus we have to consider the operator representations of a in a pseudo-
Euclidean space, and we shall find such representations in the simplest one, in a
complex Minkowski space.
Let H be a complex pseudo-Euclidean space with respect to a separating indefi-
nite metric (x|x), and h∈H be a non-zero vector. We denote by B (H) the †-algebra
of all operators A : H→ H with A†H ⊆ H, where A† is defined as the kernel of the
Hermitian adjoint sesquilinear form
(
x|A†x) = (x|Ax). A linear map i : a→ B (H)
is a representation of the Itoˆ ⋆-algebra (a, l) on (H, h) if
(2.3) i (a⋆) = i (a)
†
, i (a · b) = i (a) i (b) , (h|i (a) h) = l (a) ∀a, b ∈ a.
We can always assume that (h|h) = 0, otherwise h should be replaced by the vector
h+ = h− 12 (h|h) h−, where h− = i (dt) h, inducing the same state
(h+|i (a) h+)(2.4)
= l (a)− 1
2
(h|h)
(
h|i
(
dta+ adt − 1
2
(h|h) dtadt
)
h
)
(2.5)
= l (a) .(2.6)
Proposition 1. Every operator representation (H, i, h) of an Itoˆ algebra (a, l) is
equivalent to the triangular-matrix representation i = [iµν ]
µ=−,•,+
ν=−,•,+ with i
µ
ν (a) =
0 if µ = + or ν = − and i−+ (a) = l (a) for all a ∈ a. Here aµν = iµν (a) are
linear operators Hν → Hµ on a pseudo-Hilbert (pre-Hilbert if minimal) space H•
and on H+ = C = H−, having the adjoints a
µ†
ν : Hµ → Hν , which define the
pseudo-Euclidean involution a 7→ a† by a⋆µ−ν = aν†−µ, where − (−, •,+) = (+, •,−).
Moreover, if the representation is minimal, then H• is a pre-Hilbert space and
iµν (dt) = δ
µ
−δ
+
ν .
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Proof. In the matrix notation iµν (a) = h
µi (a) hν , where h
− = h†+, h
+ = h†− are
defined by h†x = (h|x) for all h,x ∈ H, (2.4) can be written as i−+ (a) = l (a), and
i++ (a) = 0 = i
−
− (a) and i
+
− (a) = 0 as
i (a) h− = i (adt) h = 0 = h
†i (dta) = h
+i (a) ∀a ∈ a.
Moreover, due to the pseudo-orthogonality
(x|x) = ξ−ξ− + (x•|x•) + ξ+ξ+ ≡ (x|x) ,
of the decomposition x = ξ−h− + x• + ξ
+h+, where ξ
− = h−x = ξ¯+, ξ
+ = h+x =
ξ¯−, x =
(
ξ−, x
†
•, ξ+
)
, the representation of the Itoˆ ⋆-algebra (a, l) is defined by
the homomorphism i : a 7→ [iµν (a)] into the space of triangular block-matrices
a = [aµν ]
µ=−,•,+
ν=−,•,+ with a
µ
ν = 0 if µ = + or ν = −.
If the representation is minimal in the sense that H=i (a) h, and h has zero length,
it is pseudo-unitary equivalent to the triangular representation on the complex
Minkowski space C ⊕ H• ⊕ C, as it can be easily seen in the basis h+ = h, h− =
i (dt) h. Indeed, the pseudo-orthogonal to the zero length vectors h−, h+ space H•
in this case is the pre-Hilbert space H• = {i (a) h : l (a) = 0} as
ξ+ = h+i (a) h = 0, ξ− = h−i (a) h = l (a) ∀a ∈ a,
and (x•|x•) = l (a⋆ · a) ≥ 0 for all x• = i (a) h− ξ−h− = i (a− l (a) dt) h. Moreover,
in the minimal representation i−• (dt) = 0 = i
•
+ (dt) and i
•
• (dt) = 0 as
i (dt) x• = i (dt · a) h = 0 = i (a⋆ · dt) h = x†•i (dt) ∀x• ∈ H•.
Thus, the only nonzero matrix element of i (dt) is i
−
+ (dt) = 1.
Note that the constructed equivalent matrix representation is also defined as
the right representation x 7→ xa on all raw-vectors x = (ξ−, ξ, ξ+), ξ ∈ H†•, into
the dual space H∗ = C×H∗•×C ⊇ H† with the invariant H† =
{
x† : x ∈ H} such
that a−+ = (h
−a|h−) = l (a), where h− = (1, 0, 0). Moreover, in the Minkowski
C⊕ H• ⊕ C space it can be extended by a continuity onto C⊕H ⊕ C, where H is
the closure of the pre-Hilbert space H• with respect to ‖x•‖ and all the seminorms
‖i•• (a) x•‖, a ∈ a simultaneously. We shall call such representation closed if H is the
minimal closed Minkowski space C⊕H⊕C, i.e. if H is the closure of the minimal
pre-Hilbert space H• = i
•
+ (a).
Theorem 2. Every Itoˆ ⋆-algebra (a, l) can be canonically realized as the triangular
matrix subalgebra in a complex Minkowski space. Moreover, every minimal closed
representation is equivalent to the canonical one.
Proof. Now we shall construct a faithful canonical operator representation for any
Itoˆ algebra (a, l). The functional l defines for each a ∈ a the canonical quadruple
(2.7) a•• = i (a) , a
•
+ = k (a) , a
−
• = k
† (a) , a−+ = l (a) ,
where i (a) = i (a⋆)† is the GNS representation k (a · b) = i (a) k (b) of a on the
pre-Hilbert space H• = {k (b) : b ∈ a} of the Kolmogorov decomposition l (a · b) =
k† (a) k (b), and k† (a) = k (a⋆)
†
. Because the operators i (a) are continuous on H•
w.r.t. the topology induced by ‖k (b)‖ and all the seminorms ‖k (a · b)‖, a ∈ a on
H•, can define the representation i on the clousure H = k (a) of H• w.r.t. these
seminorms. The obtained quadrupole representation i : a 7→ a = (aµν )µ=−,•ν=+,• of a
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is multiplicative, i (a · b) = (aµ• b•ν)µ=−,•ν=+,• with respect to the product given by the
convolution of the components aν and b
µ over the common index values µ = • = ν:
i (a) i (b) = i (a · b) , k† (a) i (b) = k† (a · b)
i (a) k (b) = k (a · b) , k† (a) k (b) = l (a · b) .
It is faithful because of the triviality of the ideal (2.2). Now we can use the con-
venience aµ− = 0 = a
+
ν of the tensor notations (2.7), extending the quadruples
a = i (a) to the triangular matrices a = [aµν ]
µ=−,•,+
ν=−,•,+ , in which (2.8) is simply
given by i (a · b) = ab in terms of the usual product of the matrices a = i (a)
and b = i (b). However the involution a 7→ a⋆, which is given by the Hermitian
conjugation i (a⋆) =
(
a−ν†−µ
)µ=−,•
ν=+,•
of the quadruples a, where −(−) = +, −• = •,
−(+) = −, is represented by the adjoint matrix a† = Ga∗G w.r.t. the pseudo-
Euclidean (complex Minkowski) metric tensor G =
[
δµ−ν
]µ=−,•,+
ν=−,•,+
. Thus, we have
constructed the canonical representation
i (a) =

 0 k† (a) l (a)0 i (a) k (a)
0 0 0

 , i (a⋆) = Gi (a)∗G, G =

 0 0 10 I 0
1 0 0


in the Minkowski space C⊕H⊕ C with H = k (a) and h− = (1, 0, 0).
The second part of the Theorem follows from the fact that every minimal rep-
resentation space is the Minkowski one. All Minkowski spaces of the minimal
closed representations are pseudo-unitary equivalent because all minimal closed
pre-Hilbert spaces containing i•+ (a) are unitary equivalent.
Definition 1. Let H be a pre-Hilbert space, and b (H) be the associated ⋆-algebra
of all quadrupoles A = (aµν )
µ=−,•
ν=+,• , where a
µ
ν are linear operators Hν → Hµ with
H• = H, H+ = C = H−, having the adjoints aµ†ν : Hµ → Hν , with the product and
the involution
(2.8) A · B = (aµ•b•ν)µ=−,•ν=+,• , A⋆ =
(
a−ν†−µ
)µ=−,•
ν=+,•
.
It is an Itoˆ algebra with respect to l (a) = a−+ and the death Dt =
(
δµ−δ
+
ν
)µ=−,•
ν=+,•
=
D⋆t , A · Dt = 0, ∀A ∈ b (H), called the HP (Hudson-Parthasarathy) algebra asso-
ciated with the space H. The fundamental representation of an Itoˆ algebra (a, l) is
given by the constructed homomorphism i : a→ b (H)
(2.9) i (a) =
(
l (a) k† (a)
k (a) i (a)
)
, i (a⋆) =
(
l (a⋆) k (a)
†
k (a⋆) i (a)
†
)
i (a · b) = i (a) · i (b), into the HP algebra, associated with the space H of its canon-
ical representation.
Note that because the Itoˆ algebra is assumed faithful in the sense of the triviality
of the ideal (2.2), the fundamental representation, and so the canonical represen-
tation (2.9), is also faithful. It proves in this case that Λ (t, a) = aµνΛ
ν
µ (t), where
(2.10) aµνΛ
ν
µ (t) = a
•
•Λ
•
• (t) + a
•
+Λ
+
• (t) + a
−
• Λ
•
− (t) + a
−
+Λ
+
− (t) ,
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is the canonical decomposition of Λ into the exchange Λ••, creation Λ
+
• , annihilation
Λ•− and preservation (time) Λ
+
− = tI operator-valued processes of the HP quantum
stochastic calculus, having the mean values
〈
Λνµ (t)
〉
= tδν+δ
−
µ . This was already
noted in [3, 4] that any (classical or quantum) stochastic noise described by a process
t ∈ R+ 7→ Λ (t, a) , a ∈ a with independent increments dΛ (t, a) = Λ (t+ dt, a) −
Λ (t, a) forming an Itoˆ †-algebra, can be represented in the Fock space F over the
space of H-valued square-integrable functions on R+, with the vacuum vector state.
3. Two basic Itoˆ B*-algebras
Here we consider two extreme cases of Banach Itoˆ algebras as closed sub-algebras
of the vaccum HP-algebra b (H) associated with a Hilbert space H. The first case
correspondes to a pure state l on a as it is in the case of a quantum noise of zero
temperature, and the second case corresponds to a completely mixed l as in the
case of a quantum noise of a finite temperature.
3.1. Vacuum noise B*-algebra. Let H be a Hilbert space of ket-vectors ζ with
scalar product (ζ|ζ) ≡ ζ†ζ and A ⊆ B (H) be a C*-algebra, represented on H by
the operators A ∋ A : ζ 7→ Aζ with (A†ζ|ξ) = (ζ|Aξ), ξ ∈ H. We denote by
H† the dual Hilbert space of bra-vectors η = ζ†, ζ ∈ H with the scalar product(
η|ξ†
)
= ηξ =
(
η†|ξ) given by inverting anti-linear isomorphism H† ∋ η 7→ η† ∈ H,
and the dual representation of A as the right representation A′ : η 7→ ηA, η ∈ H†,
given by (ηA) ζ = η (Aζ) such that
(
ηA†|η) = (η|ηA) on H†. Then the direct sum
K = H⊕H† of ξ = ζ ⊕ η becomes a two-sided A-module
(3.1) A (ζ ⊕ η) = Aζ, (ζ ⊕ η)A = ηA, ∀ζ ∈ H, η ∈ H†,
with the flip-involution ξ⋆ = η† ⊕ ζ† and two scalar products
(3.2)
〈
ζ ⊕ η′|ζ ′ ⊕ η〉
+
=
(
ζ|ζ ′) , 〈ζ ⊕ η′|ζ′ ⊕ η〉− = (η′|η) .
The space a = C⊕K ⊕A of triples a = (α, ξ, A) becomes an Itoˆ ⋆-algebra with
respect to the non-commutative product
(3.3) a⋆ · a = (〈ξ|ξ〉+ , ξ⋆A+A†ξ, A†A) , a · a⋆ = (〈ξ|ξ〉− , Aξ⋆ + ξA†, AA†) ,
where (α, ξ, A)⋆ =
(
α¯, ξ⋆, A†
)
, with death dt = (1, 0, 0) and l (α, ξ, A) = α. Obvi-
ously a⋆ · a 6= a · a⋆ if ‖ξ‖+ = ‖ζ‖ 6= ‖η‖ = ‖ξ‖− even if the operator algebra A is
commutative, A†A = AA†. It is separated by four semi-norms
(3.4) ‖a‖ = ‖A‖ , ‖a‖+ = ‖ζ‖ , ‖a‖− = ‖η‖ , ‖a‖−+ = |α| ,
and is jointly complete as a = (α, ζ ⊕ η,A) ∈ a have independent components from
the Banach spaces C, H, H†and A.
We shall call such Banach Itoˆ algebra the vacuum algebra as l (a⋆ · a) = 0 for any
a ∈ a with ξ ∈ H† (it is Hudson-Parthasarathy algebra a = b (H) if A = B (H)).
Every closed Itoˆ subalgebra a ⊆ b (H) of the HP algebra b (H) equipped with four
norms (3.4) on a Hilbert space H is called the operator Itoˆ B*-algebra.
If the algebra A is completely degenerated on H, A = {0}, the Itoˆ algebra a
is nilpotent of second order, and contains only the two-dimensional subalgebras of
Wiener type b = C ⊕ C ⊕ {0} generated by an a = (α, ζ ⊕ η, 0) with ‖ζ‖ = ‖η‖.
Every closed Itoˆ subalgebra b ⊆ a of the HP B*-algebra a = b (H) is called the
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B*-Itoˆ algebra of a vacuum Brownian motion if it is defined by a ⋆-invariant direct
sum G = G+⊕G− ⊆ K given by a Hilbert subspace G+ ⊆ H, G− = G†+ and A = {0}.
In the case I ∈ A the algebra A is not degenerated and contains also the vacuum
Poisson subalgebra C ⊕ {0} ⊕ CI of the total quantum number on H, and other
Poisson two-dimensional subalgebras, generated by a = (α, ζ ⊕ η, I) with η = eiθζ†.
We shall call a closed Itoˆ subalgebra c ⊆ a of the HP B*-algebra a = b (H) the B*-
algebra of a vacuum Le´vy motion if it is given by a direct sum E = E+⊕E− ⊆ K with
E = E†+ and a †-subalgebra A ⊆ B (H) nondegenerated on the subspace E+ ⊆ H.
Theorem 3. Every vacuum B*-algebra can be decomposed into an orthogonal sum
a = b + c, b · c = {0} of the Brownian vacuum B*-algebra b and the Le´vy vac-
uum B*-algebra c. This decomposition is unique on the zero mean kernel x =
{x ∈ a : l (x) = 0}.
Proof. This decomposition is uniquely defined for all a = (α, ξ, A) by a = αdt+y+z,
with y = (0, η, 0), z = (0, ζ, A), η = Pξ ⊕ ξP ∈ G, ζ = ξ − η ∈ E , where P = P † is
the maximal projector in H, for which AP = {0}, G+ = PH, and E+= G⊥+.
3.2. Thermal noise B*-algebra. Let D be a left Tomita ⋆-algebra [6] with re-
spect to a Hilbert norm ‖ξ‖+ = 0⇒ ξ = 0, and thus a right pre-Hilbert ⋆-algebra
with respect to ‖ξ‖− = ‖ξ⋆‖+. This means that D is a complex pre-Hilbert space
with continuous left (right) multiplications C : ζ 7→ ξζ (C′ : η 7→ ηξ) w.r.t. ‖·‖+
(w.r.t. ‖·‖−) of the elements ζ, η ∈ D respectively, defined by an associative product
in D, and the involution D ∋ ξ 7→ ξ⋆ ∈ D such that
(3.5) 〈ηζ⋆|ξ〉− = 〈η|ξζ〉− , 〈η⋆ζ|ξ〉+ = 〈ζ|ηξ〉+ ∀ξ, ζ, η ∈ D,
(3.6) 〈η|ξ⋆〉− = 〈ξ|η♯〉− , 〈ζ|ξ⋆〉+ = 〈ξ|ζ♭〉
+
∀η ∈ D−, ζ ∈ D+.
Here 〈η|ξ⋆〉− = 〈η⋆|ξ〉+ is the right scalar product, D+ = D♭+ is a dense domain for
the left adjoint involution ζ 7→ ζ♭, ζ♭♭ = ζ, and D− = D⋆+ is the invariant domain
for the right adjoint involution η 7→ η♯, (η♯η)♯ = η♯η such that ζ♭⋆ = ζ⋆♯, η♯⋆ = η⋆♭.
Since the adjoint operators C†ζ = ξ⋆ζ, ηC† = ηξ⋆ are also given by the multi-
plications, they are bounded:
(3.7) ‖ξ‖ = sup{‖ξζ‖+ : ‖ζ‖+ ≤ 1} = sup{‖ηξ‖− : ‖η‖− ≤ 1} <∞.
Note that we do not require the sub-space DD ⊆ D of all products {ηζ : η, ζ ∈ D}
to be dense in D w.r.t. any of two Hilbert norms on D, but it is always dense
w.r.t. the operator semi-norm (3.7) on D. Hence the operator †-algebra C =
{C : D ∋ ζ 7→ ξζ|ξ ∈ D} w.r.t. the left scalar product, which is also represented on
the D ∋ η equipped with 〈·|·〉− by the right multiplications ηC = ηξ, ξ ∈ D, can
be degenerated on D.
Thus the direct sum a = C⊕D of pairs a = (α, ξ) becomes an Itoˆ ⋆-algebra with
the product
(3.8) a⋆ · a = (〈ξ|ξ〉+ , ξ⋆ξ) , a · a⋆ = (〈ξ|ξ〉− , ξξ⋆) ,
where (α, ξ)
⋆
= (α¯, ξ⋆), with death dt = (1, 0) and l (α, ξ) = α. Obviously a
⋆a 6=
aa⋆ if the involution a 7→ a⋆ is not isometric w.r.t. any of two Hilbert norms even if
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the algebra D is commutative. It is a Banach algebra separated by the semi-norms
(3.9) ‖a‖ = ‖ξ‖ , ‖a‖− = ‖ξ‖− , ‖a‖+ = ‖ξ‖+ , ‖a‖−+ = |α| .
if its normed ⋆-algebra D is complete jointly w.r.t. to the first three norms.
We shall call such complete Itoˆ algebra the thermal B*-algebra as l (a⋆a) =
‖ξ‖2+ 6= 0 for any a ∈ a with ξ 6= 0. If ζη = 0 for all ζ, η ∈ D, it is the Itoˆ
B*-algebra of thermal Brownian motion. A thermal B*-subalgebra b ⊆ a with
such trivial product is given by any involutive pre-Hilbert ⋆-invariant two-normed
subspace G ⊆ D which is closed w.r.t. the Hilbert sum 〈η|ζ〉−+〈ζ|η〉+. We shall call
such Brownian algebra b = C⊕G the quantum (if ‖·‖+ 6= ‖·‖−) Wiener B*-algebra
associated with the space G.
In the opposite case, if DD = {ζη : ζ, η ∈ D} is dense in D, it has nondegenerated
operator representation C on D. Any closed involutive sub-algebra E ⊆ D which is
non-degenerated on E defines an Itoˆ B*-algebra c = C⊕E of thermal Le´vy motion.
We shall call such Itoˆ algebra the quantum (if E is non-commutative) Poisson B*-
algebra.
Theorem 4. Every thermal Itoˆ B*-algebra is an orthogonal sum a = b + c, bc =
{0} of the Wiener B*-algebra b = b⋆ and the Poisson B*-algebra c = c⋆. This
decomposition is unique on the zero mean kernel x = l−1 (0).
Proof. The orthogonal decomposition a = αdt+b+c for all a = (α, ξ) ∈ a, uniquely
given by the decomposition ξ = η + ζ, where η is the orthogonal projection of ξ
onto the orthogonal complement G of DD w.r.t. any of two scalar products in D,
and ζ = ξ − η .
Indeed, if ξ ∈ D is left orthogonal to DD, then it is also right orthogonal to DD
and vice versa:
〈ηζ⋆|ξ〉− = 〈ζη⋆|ξ⋆〉+ =
〈
ξ|η♯⋆ζ♭
〉
+
= 0, ∀η ∈ D−, ζ ∈ D+,
〈η⋆ζ|ξ〉+ = 〈ζ⋆η|ξ⋆〉− =
〈
ξ|η♯ζ♭⋆
〉−
= 0, ∀η ∈ D−, ζ ∈ D+,
and ξ♯, ξ♭ are also orthogonal to DD:〈
ηζ⋆|ξ♯
〉−
= 〈ξ|ζη⋆〉− = 0,
〈
η⋆ζ|ξ♭
〉
+
= 〈ξ|ζ⋆η〉+ = 0
From these and (3.5) equations it follows that ηξ = 0 = ξζ for all ζ, η ∈ D if ξ is
(right or left) orthogonal to DD, and so ‖ξ‖ = 0 for such ξ and vice versa. Thus the
maximal orthogonal subspace to DD is the ⋆-invariant space G = {ξ ∈ D : ‖ξ‖ = 0},
which is complete w.r.t. the two norms ‖·‖− , ‖·‖+, i.e. is a closed subspace of the
pre-Hilbert space D with the ⋆-invariant scalar product
〈ζ⋆|η〉 = 〈ζ⋆|η〉+ + 〈η|ζ⋆〉− = 〈ζ|η⋆〉− + 〈η⋆|ζ〉+ = 〈η⋆|ζ〉 .
Denoting by P the right orthogonal projector in D onto the orthogonal complement
to DD, we obtain Pξ = η ∈ G, Pξ⋆ = η⋆ as
〈η⋆|Pξ〉+ =
〈
Pξ|η♯〉− = 〈ξ|η♯〉− = 〈η|ξ⋆〉− = 〈η|Pξ⋆〉− , η ∈ G−, ξ ∈ D
and thus Pξ is also the left projection, and so the symmetric projection 〈η|Pξ〉 =
〈η|ξ〉 of ξ ∈ D onto G ∋ η. So ζ = ξ − η ∈ D is in the left (right) closure E ⊆ D of
DD .
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4. Decomposition of Itoˆ B*-algebras
Now we shall study the general uniformly bounded infinite dimensional Ito ⋆-
algeblas, unifying the considered two basic cases.
Let a be an associative infinite-dimensional complex algebra with involution
b⋆ = a ∈ a, ∀b = a⋆ which is defined by the properties
(b · b⋆)⋆ = b · b⋆,
(∑
λibi
)⋆
=
∑
λ¯ib
⋆
i , ∀bi ∈ a, λi ∈ C.
We shall suppose that this algebra is a normed space with respect to four semi-
norms ‖·‖µν , indexed as
(4.1) ‖·‖•• ≡ ‖·‖ , ‖·‖•+ ≡ ‖·‖+ , ‖·‖−• ≡ ‖·‖− , ‖·‖−+
by µ = −, •, ν = +, •, satisfying the following conditions
(4.2) ‖b⋆‖ = ‖b‖ , ‖b⋆‖+ = ‖b‖− , ‖b⋆‖−+ = ‖b‖−+ ,
(4.3)
(‖a · c‖µν ≤ ‖a‖µ• ‖c‖•ν , )µ=−,•ν=+,• ∀ a, b, c ∈ a.
Thus the semi-norms (4.1) separate a in the sense
‖a‖ = ‖a‖+ = ‖a‖− = ‖a‖−+ = 0 ⇒ a = 0,
and the product (a, c) 7→ ac with involution ⋆ is uniformly continuous in the induced
topology due to (4.3).
If a is a ⋆-algebra equipped with a linear positive ⋆-functional l such that
l (b) = l (a · b) = l (b · c) = l (a · b · c) = 0, ∀a, c ∈ a ⇒ b = 0,
and it is bounded with respect to l in the sense
(4.4) ‖b‖ = sup
{
‖a · b · c‖−+ / ‖a‖− ‖c‖+ : a, c ∈ a
}
<∞ ∀b ∈ a,
where ‖a‖−+ = |l (a)| , ‖a‖− = l (a · a⋆)1/2 , ‖a‖+ = l (a⋆ · a)1/2, then it is four-
normed in the above sense. The defined by l semi-norms ‖·‖µν are obviously sep-
arating, satisfy the inequalities (4.3), and they also satisfy the ⋆-equalities of the
following definition
Definition 2. An associative four-normed ⋆-algebra a is called B*-algebra if it is
complete in the uniform topology, induced by the semi-norms (‖a‖µν )
µ=−,•
ν=+,• , satisfying
the following equalities
(4.5) ‖a · a⋆‖ = ‖a‖ ‖a⋆‖ , ‖a · a⋆‖−+ = ‖a‖− ‖a⋆‖+ ∀a ∈ a..
The Itoˆ B*-algebra is a B*-algebra with self-adjoint annihilator dt = d
⋆
t , a · dt =
0 = dt · a, ∀a ∈ a called the death of a, and the semi-norms (4.1) given by a linear
positive ⋆-functional l (a⋆) = l (a), l (a · a⋆) ≥ 0, ∀a ∈ a normalized as l (dt) = 1.
Obviously, any C*-algebra can be considered as a B*-algebra in the above sense
with three trivial semi-norms ‖a‖−+ = ‖a‖− = ‖a‖+ = 0, ∀a ∈ a. Moreover, as it
follows from the inequalities (4.3) for c = 1, every unital B*-algebra is a C*-algebra,
the three nontrivial semi-norms on which might be given by a state l, normalized
as l (1) = ‖1‖−+. However, if a B*-algebra a contains only approximative identity
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ei ր 1, and ‖ei‖−+ −→ ∞, it is a proper dense sub-algebra of its C*-algebraic
completion w.r.t. the norm ‖·‖.
Note that the use of the term B*-algebra, the obsolete name for the C*-algebras,
in a more general sense is not contradictive, and will never make a confusion in the
context of Itoˆ algebras, as there is no Itoˆ algebra which is simultaneously a C*-
algebra. Every C*-algebra A ⊆ B (H) with a ciclic vector η ∈ H can be embedded
into a faithful Itoˆ B*-algebra a = Cdt+ x , where the subspace x ⊆ a identified with
the factor-algebra a/Cdt, is the operator C*-algebra A. This can be done by a =
(η|Aη) dt+x with x = A, x⋆ = A† such that x = A, l (x) = 0, ‖x‖+ = ‖Aη‖, ‖x‖− =∥∥A†η∥∥. However in the general case the zero mean algebra x = {a ∈ a : l (a) = 0}
equipped with the factor-product
(4.6) aa⋆ = a · a⋆ − l (a · a⋆) dt = x · x⋆ − l (x · x⋆) dt = xx⋆,
where x = a−l (a) dt, is not a C*-algebra for an arbitrary Itoˆ B*-algebra a, although
it is complete with respect to the C*-semi-norm ‖x‖ = ‖a‖, jointly with two Hilbert
semi-norms ‖x‖+ = ‖a‖+, ‖x‖− = ‖a‖−.
Thus in order to classify the Itoˆ B*-algebras we should study the structure of
the zero-mean algebras x = {x = a− l (a) : a ∈ a} with the normes, given by the
semi-scalar products 〈x⋆|x〉+ = 〈x|x⋆〉−, defining the Itoˆ algebras a = {αdt + x}
with l (a) = α by
(4.7) a · a⋆ = 〈x|x〉− dt + xx⋆ = x · x⋆, a⋆ · a = 〈x|x〉+ dt + x⋆x = x⋆ · x.
As was proved in the first section, every Itoˆ B*-algebra is algebraically and
isometrically isomorphic to a closed ⋆-subalgebra a ∋ Dt of the simple vacuum B*-
algebra b (H) associated with the GNS Hilbert space H by (??) so that x = i (x)
for each x = a− l (a) dt is given by the tripple
xˆ = i (x) , x〉+ = k (x) , 〈x = k† (x) ,
with ‖x‖ = ‖i (x)‖, ‖x‖+ = ‖k (x)‖, ‖x‖− =
∥∥k† (x)∥∥. Thus the factor-algebra
x = a/Cdt can be identified with a closed ⋆-subalgebra of the B*-algebraH⊕A⊕H†
equipped with the product
(4.8) x⋆x = xˆ†x〉+ ⊕ xˆ†xˆ⊕ 〈x|xˆ, xx⋆ = xˆ|x〉− ⊕ xˆxˆ† ⊕ 〈xxˆ†,
for x = x〉+ ⊕ xˆ⊕ 〈x ∈ H⊕A⊕H† ∋ |x〉− ⊕ xˆ† ⊕ 〈x| = x⋆, where
|x〉− = 〈x† = x⋆〉+, 〈x| = x〉†+ = 〈x⋆.
Let P be the maximal orthoprojector in H for which i (a)P = 0 for all a ∈ a
such that E = I − P is the support for the operator algebra A = i (a). We shall
prove that the ⋆-projections
(4.9) π (x) = Px〉+ ⊕ 〈xP, ε (x) = Ex〉+ ⊕ xˆ⊕ 〈xE
define the homomorphisms of x ⊆ H ⊕ A ⊕ H† respectively onto the ⋆-ideal y =
{y ∈ x : ay = 0 = ya} and the maximal subalgebra z ⊆ x having the dense part
aa = {ac : a, c ∈ a} w.r.t. any of two Hilbert seminorms. An Ito B*-algebra a
with the trivial factor-product aa = {0} and thus ‖·‖ = 0 is called the (general)
Brownian algebra. In the opposite case, when aa is dense in x w.r.t. any of the
Hilbert semi-norms ‖·‖− , ‖·‖+ , it is called the (general) Le´vy algebra.
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Theorem 5. Let a be a B*-Itoˆ algebra. Then it is an orthogonal sum b + c,
b · c = {0} of a quantum Brownian B*-algebra b and a quantum Le´vy B*-algebra c.
This decomposition is unique up to the ideal b ∩ c = Cdt.
Proof. We want to find the orthogonal decomposition
x = y + z, 〈y|z〉+ = 0 = 〈y|z〉− , y ∈ y, z ∈ z
for all x = a − l (a), a ∈ a, and to prove that it is unique. First note that the
condition ay = {0} = ya for the elements y ∈ y is equivalent to ‖y‖ = 0 with the
right and left orthogonality of y ∈ x to aa ⊆ x:
〈y|a⋆c〉+ = 0 = ‖y‖ ⇔ 〈ay|c〉+ = 0 = 〈ya|c〉+ ∀a, c ∈ a
〈y|ac⋆〉− = 0 = ‖y‖ ⇔ 〈yc|a〉− = 0 = 〈cy|a〉− ∀a, c ∈ a
So the ⋆-ideal y ⊆ x with all trivial products xy = 0 = yx is defined as the closed
⋆-subspace
{
y ∈ x0 : 〈y|aa〉+ = 0 = 〈y|aa〉−
}
of the Hilbert space {x ∈ x : ‖x‖ = 0}
with the ⋆-invariant scalar product
〈z⋆|x〉 = 〈z⋆|x〉+ + 〈x|z⋆〉− = 〈z|x⋆〉− + 〈x⋆|z〉+ = 〈x⋆|z〉 .
Let us prove that the symmetric orthogonal projection 〈y|π (x)〉 = 〈y|x〉 of x ∈ x
onto y ∋ y is defined as in (4.9). Indeed,
〈y|x〉 = 〈y|x〉+ + 〈x|y〉− = 〈y|Px〉+ + 〈xP |y〉−
= 〈y|π (x)〉+ + 〈π (x) |y〉− = 〈y|π (x)〉 ,
where P is the left orthoprojector 〈y|Px〉+ = 〈y|x〉+ in H onto G+ = y〉+, defining
the right orthoprojector P ′ onto G− = G†+ by H† ∋ 〈x 7→ 〈xP . The ⋆-projection
π (x⋆) = π (x)
⋆
is the homorphism as π (xz) = 0 due to 〈y|xz〉 = 0 for all x, z ∈ x,
y ∈ y, and ε (x) = x−π (x), defined in (4.9) is also a ⋆-homomorphism, ε (xz) = xz,
for all x, z ∈ x as its kernel ε−1 (0) = {x ∈ x : ε (x) = 0} is the ⋆-ideal y. Thus the
range z = ε (x) is a closed ⋆-subalgebra, which is left and right orthogonal to y:
〈y|ε (x)〉+ = 〈y|Ex〉+ = 0 = 〈xE|y〉− = 〈ε (x) |y〉− , ∀x ∈ x, y ∈ y.
Due to E+ = Ex〉+ contains aa〉+ = Ax〉+ as a dense part in the Hilbert space H,
the algebra z contains aa as a left (right) dense part with respect to the left (right)
Hilbert seminorm ‖·‖+ (‖·‖−.) Obviously z ⊆ x is uniquely defined as the maximal
such ⋆-subalgebra, and ε is uniquely defined as the representation z of the quotient
algebra x/y.
Thus a = b + c, bc = 0 for all a ∈ a, where b = βdt + y ∈ b define the
Brownian B*-subalgebra with the fundamental representation b ⊆ C ⊕ G+ ⊕ G−,
where G+ = Pk (a), G− = k† (a)P , and c = (α− β) dt + z ∈ c define the Le´vy B*-
subalgebra, having the fundamental representation c ⊆ C⊕ E+ ⊕ E−⊕A with non-
degenerated operator algebra A = i (a), left and right represented on E+ = Ek (a)
and E− = k† (a)E.
Example 1. The commutative multiplication table dwidw¯k = δ
i
kdt for the complex
Itoˆ differentials dwk = dw¯−k, k = Z of the Fourier amplitudes
wk (t) =
∫ π
−π
ejkθW (t, dθ) ,
dW (t,∆)dW (t,∆′) =
1
2π
|∆′ ∩∆| dt
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for an orthogonal Wiener measure W (t,∆) on ∆ ⊆ [−π, π] ∋ θ of the normalized
intensity can be generalized in the following way.
Let ρk > 0, k ∈ Z be a self-inverse family of spectral eigen-values ρ−k = ρ−1k for
a positive-definite (generalized) periodic function
λ (θ) =
∞∑
k=−∞
ρke
jkθ,
[
λ¯ ∗ λ] (θ) := 1
2π
∫ π
−π
λ¯ (θ − φ)λ (φ) dφ = δ (θ) .
The generalized multiplication table di ·d⋆k = ρkδikdt for abstract infinitesimals dk =
d⋆−k, k ∈ Z is obviously non-commutative for all k with λk 6= 1. The ⋆-semigroup
{0, dt, dk : k ∈ Z} generates an infinite dimensional Itoˆ algebra (b, l) of a quantum
Wiener periodic motion on [−π, π] as it is the second order nilpotent algebra a of
a = αdt + y, y =
∑
ηkdk with y
⋆ =
∑
ηkd
⋆
k and l (y) = 0 for all η
k = η¯k ∈ C. It is
a Brownian B*-algebra with closed involution on the complex space D of all η given
by all complex sequences η = (ηk)k∈Z with
‖η‖− =
(∑
|ηk|2 ρk
)1/2
= ‖η⋆‖+ <∞.
The operator representation of a in Fock space is defined by the forward differentials
of Λ (t, a) = αtI +
∑
ηkwˆk (t), where
wˆk (t) = vˆ
−
k (t) + vˆ
+
k (t) ,
vˆ−k (t) = ρ
1/2
−k
∫ π
−π
ejkθΛ− (t, dθ) , vˆ
+
k (t) = ρ
1/2
k
∫ π
−π
ejkθΛ+ (t, dθ)
are given by the annihilation and creation measures in Fock space over square in-
tegrable functions on R+ × [−π, π] with the standard multiplication table
dΛ− (t,∆) dΛ
+ (t,∆′) =
1
2π
|∆′ ∩∆| Idt,
dΛ+ (t,∆′) dΛ− (t,∆) = 0.
Example 2. The commutative multiplication table dmidm¯k = δ
i
kdt+dmi−k for the
complex Itoˆ differentials dmk = dm¯−k, k = Z of the Fourier amplitudes mk (t) =∫ π
−π
ejkθM (t, dθ),
dM (t,∆′) =
1
2π
|∆′ ∩∆| dt+ dM (t,∆′ ∩∆) , ∆,∆′ ⊆ [−π, π]
for the standard compensated Poisson measure M (t,∆) can be generalized in the
following way.
Let G be a discrete locally compact group, and G ∋ g 7→ λg ∈ C be a positive-
definite summable function, λg−1 = λ¯g, which is self-inverse in the convolutional
sense
[
λ¯ ∗ λ]
g
=
∑
h λ¯gh−1λh = δ
1
g. The generalized multiplication table for abstract
infinitesimals
dg = d
⋆
−g, dg · d⋆h = λgh−1dt + dgh−1 , g, h ∈ G
is obviously associative and commutative if G is Abelian, G ≃ Z, but it is non-
commutative for non Abelian G even if λk = δ
1
k as in the above case. The ⋆-
semigroup {0, dt, dg : g ∈ G} generates an infinite dimensional Itoˆ algebra (a, l) of
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a quantum compensated Poisson motion on the spectrum Ω of the group G as a
is the sum of Cdt and the unital group algebra D of z =
∑
ζgdg with involution
z⋆ =
∑
ζgd
⋆
g and l (z) = 0 for all ζ
g = ζ¯g ∈ C. It is a Le´vy B*-algebra with closed
involution on the complex space D of all complex sequences ζ = (ζg)g∈G with
‖ζ‖− =
(∑(
ζ¯ ∗ ζ˜
)2
g
λg
)1/2
= ‖ζ⋆‖+ <∞,
where ζ˜ =
(
ζg−1
)
g∈G
. The operator integral representation of a is defined in Fock
space over the Hilbert space of square integrable function on R+ with values in the
direct integral H = ∫ ⊕Ω H (ω) dπω of Hilbert spaces H (ω) for the spectral decompo-
sition
λg =
∫
Ω
Tr [ρωUg (ω)] dπω
w.r.t. the unitary irreducible representations Ug (ω) of G and the Plansherel mea-
sure dπω. It is given by the forward differentials of Λ (t, a) = αtI +
∑
ζgmˆg (t),
with
mˆg (t)
=
∫
Ω
TrH(ω)
{
Ug (ω)
[
ρ1/2ω Λ− (t, dω) + Λ
+ (t, dω) ρ1/2ω + Λ (t, dω)
]}
defined by the standard annihilation, creation and exchange operator-valued mea-
sures in Fock space with a measurable family (ρω)ω∈Ω of positive operators in H (ω)
having the integrable w.r.t. dπω traces Trρω <∞.
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